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Specific prerequisites include parts 1 and 2 of my notes on Fourier transforms
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1 A simple fact about Fourier transforms and complex conjugates

The following fact is completely straightforward from the definition of F, but | find it worth
recording since it will be used several times.

Lemma 1. Let feL'. Then

FLFI@) = FLf1(=1).

The Fourier transform of the complex conjugate is the complex conjugate of the Fourier
transform, but evaluated at —¢, not at ¢.



2 The Fourier transform on S preserves L2-products up to 27

Theorem 1. Let feS andgeS. Then

/_wf(t)%dtzzn/_mf(x)@dx.

Proof. o -~
| e a- [ FnwrEen

By symmetry, this is

| ) FLFR 0 .
By Lemma 1, this is

| ) F[FTel] ) a

Again by Lemma 1, this is .

|5t FIFLI) dx

This is, by the inversion formula,

2 /_ N f(x)g(x) dx.

Corollary 1. The operator —— ¢_ F preserves the L?>-norm on S.




3 The Fourier transform on L2

Definition 1. Let f € L2. Let fi, k=1,2,..., be Schwartz functions with
ll.ci.m. fe=1,
where |.i.m. stands for convergence in L. The Fourier transform of f is defined by

f=F[f]=Lim.f.

k— o0

One must explain why this definition makes sense:

Theorem 2. Let f € L?. Let fi, k=1,2,..., be Schwartz functions with
Lim. fi = f.
(a) The sequence fy inS converges in L2.

(b) Letalso fi, k=1,2,..., be Schwartz functions with
1];i.m. fe=f.

Then the L2-limits of the f, and the f, are the same.

Proof. This immediately follows from the fact that ﬁ]—" preserves the L2-normon S. [

4 The Fourier transform on L? preserves L?-products up to 21

Theorem 3. If f and g are L?-functions, then

/_ h £()8(r) dr =2m /_ h f(x)g(x) dx.

Proof. Let {fi}i=12,.. and {gk}k-12,... be sequences in S with
Lim. f; = lim.g; =g.
Am fy=f, Lim.g.=g
Then, denoting the L2-inner product by (-,-),

/_ F(03() dr=(F.8) = lim (fi.8) =2m lim (fic.gx) =2m(f.g) =

on /_ ) f(x)g(x) dx.



Corollary 2. If f € L2, then

|712=v2m | fl2.

Corollary 3. Let f and fi, k=1,2,..., be L>-functions. Assume that
ll.{i.m. =1,
where 1.i.m. stands for the L?-limit. Then

Li.m. fe=7f.

5 On L!'nL2, the two definitions coincide

Theorem 4. Let f € L' nL2. Then f = F[f] in the sense of Definition 1 is the same as

/_: f(x)e™ dx.

Proof. There are functions @; € S, k= 1,2,..., which converge to f in both L' and L2.
(Construct @y by convolving f- 1[_; ; with ky (kx), where y € C° is non-negative with
integral 1, for instance.) Then

FIf1= lim Fley]

k— o0

by Definition 1, where on the right-hand side, F is to be understood in the L!-sense, so

Flow] = /_°° Ok (x)e™ dx.

But also o 00
Jim Flox] = Jim / O (x) e dx = / f(x) e™ dx
because the @y converge to fin L!. O

Combining Corollary 3 with Theorem 4, we find the following corollary.

Corollary 4. Let f € L2. Then

k
f=lim. [ f(x)e™ dx.
k— o0 —k




6 The inversion theorem

Theorem 5. Let f € L2. Then

1 " ; 1 1
f: 1r1—>lgo} \/—2_71: [ f(t) e * dt = \/—z_nf(—X)

Proof. Let fj € S with lléi.m.fk = f. Then ll.(i.m. fk(—x) :f(—x) by Corollary 3. Therefore

F=lim. fi(x) = Lim. ——Lim. fi(-x) = f(—x).

1
k—oo /27

5-

7 The Fourier transform as an automorphism of L?

Theorem 6. F: L2 - [ js a bijection.

Proof. Since | f]2 =27
that it is surjective, let f € L2. Then for aimost all x,

| A
fx) = —f( x) = Ef[f(—t)](X),

SO

|

V2m

This shows that f is the Fourier transform of an L2-function. O

8 Symmetry

Theorem 7. Forall f,g ¢ L2,

| waeyar= [ it as o

Notice that f € L2 and g € L2 imply £ € L! by the Cauchy-Schwarz inequality, and sim-
ilarly fg e L'. This does not mean that F is Hermitian — it is not. There are no complex
conjugates in (1).



Proof. Let @, and y, k € N, be Schwartz functions that converge in L? to f and g, respec-
tively. Then

| | gy ar- [~ amat o

<

[ 1o ar- [ swaerar [ oao i [~ oue

If = fel2l8l2+ | ficl 2118 - &kl (2

by the Cauchy-Schwarz inequality. The expression in (2) converges to 0 as k — co. There-
fore

| sewyar=im [ pnaeydr=tim [ fis)as) ds
This limit equals

| fossas

for the same reason for which/ f(r)é(r) a’r:klim/ Sfi(r)gr(r) dr. O
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